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1. Introduction 

The homogcnization of (non-)linear elliptic obstacle problems in periodically perforated domains 
has received much attention after the seminal papers of Marchcnko and Khruslov [27], Rauch and Tay- 
lor [29], [30] and Cioranescu and Murat [13] (see [10], [3], [20], [18], [14], [15], [16], [26], [1] and [2], [5], [12], [17] 
for a more exhaustive list of references). The problem has been successfully tackled by making use of 
abstract techniques of r-convergence, and fully solved in a series of papers by Dal Maso [14], [15], [16]. 
A constructive approach in the periodic case for bilateral obstacles has been developed by Ansini 
and Braides [1]. In general, a relaxation process takes place and the limit problem contains a finite 
penalization term related to the capacity of the homogenizing obstacles. 

All the quoted results deal with Sobolev type energies and deterministic distributions of the set 
of obstacles with deterministic sizes and shapes. More recently, two papers [6], [7] have enlarged the 
stage to fractional Sobolev energies and by considering random sizes and shapes for the obstacles. 
More precisely, given a probability space (fl, for all uj G ft consider a periodic distribution of 

sets T e (ui) and let v e (-,ui) be the solution of the problem 

(-A)Mi/)>0 yen"- 1 

(-A) s v(y) =0 ye R*" 1 \ T e {w), and y G T £ {u) if v(y) > ip(y) (1-1) 

v(y) > ip(y) y e T E (u). 

The operator (— A) s is the fractional Laplace operator of order s G (0,1) defined in terms of the 
Fourier transform, by A) s f)(£) = \£,\ 2s v{^); ip is the obstacle function and it is assumed to be in 
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C 1 ' 1 (R JV_1 ). In case s =1/2 the minimum problem in (1.1) is known as Signorini's problem and it is 
related to a semi-permeable membrane model. We refer to the papers [G] and [7] for a more detailed 
description of the underlying physical model. 

Problem (1.1) has a natural variational character. Indeed, it can be interpreted as the Euler- 
Lagrange equation solved by the minimizcr of 

inf \ |Mlff=(R«-i) : v > "0 011 T s{u)\ ■ (1-2) 

Here |M|#s(r,jv-i) = || |£| 2s- y(£) IIl 2 (r jv - 1 ) i s the usual norm in the homogeneous fractional Sobolev 
space ^(R^- 1 ). 

An additional variational characterization of problem (1.1) can be given by following the work 
by Caffarelli and Silvcstre [8] who have represented fractional Sobolev norms on R^" 1 in terms of 
boundary value problems for degenerate (but local!) elliptic equations in the higher dimensional 
half-space R^; equivalently, in terms of minimal energy extensions of a (suitable) weighted Dirichlct 
integral as for the harmonic extension of H 1 / 2 functions. It turns then out that the extension u e (-,lu) 
of v 6 (- 7 lu) to R+ solves the problem 

inf \[ \x N \ a \Vu(y,x N )\ 2 d£ N : u(y,0)>4iy)y£T £ (u;)\. (1.3) 

lV1.2(R«,|x„h) [J R N J 

Here, the parameter a ruling the degeneracy of the elliptic equation equals 2s — 1 (and thus be- 
longs to (-1,1)), and W 1 ' 2 ^, \x N \ a ) is the weighted Sobolev space associated to the measure 
\x N \ a dC N (y,x N ). 

To investigate the asymptotic behaviour of u e (-,oj) as e vanishes some assumptions have to be 
imposed on the obstacles set T e (ui). Mild hypotheses have been introduced in [6], [7]: the set T E (ui) is 
the union of periodically distributed sets (but with random sizes and shapes!) whose capacity scales 
according to a stationary and ergodic process 7 (see (Hp 1) and (Hp 2) in Section 2). Under these 
assumptions Caffarelli and Mellet [7] have proven that there exists a constant ao > such that the 
solution u £ (-,lu) of (1.3) converges locally weakly in H /1,2 (R^, |:Ejv| a ) and IP a.s. in fl to the solution 
u of 

inf {/ \x N \ a \Vu(y,x N )\ 2 dC N + ^ [ \ty(y) - u(y, 0)) V 0\ 2 dy\ . (1.4) 
w^(n»,\x N \*) [J r n 2 J RN -i J 

The proof of such a result relics on the regularity of fractional obstacle problems established by 
Caffarelli et al. [9], and on the PDEs approach to homogenization based on the Tartar's oscillating 
test function method (see [31], [13] and [12] for further references). 

The aim of this paper is to give an alternative elementary proof of the above quoted homogenization 
results via r-convergence techniques. We are able to avoid the use of the regularity theory developed in 
[9] and thus to relax the smoothness assumption on the obstacle function ip. In addition, we determine 
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cxplicitely the constant cto in the capacitary contribution of the limit energy, and show that it equals 
the expectation of the process Efy] (see Theorem 2.4). 

Despite this, the proof is not self-contained since we still use the trace-like representation for frac- 
tional norms established in [8]. A direct approach is still under investigation, and deserves additional 
efforts since the difficulties introduced in the problem by the non-locality of fractional energies. 

The main tools of our analysis are a joining lemma in varying boundary domains for weighted 
energies and a weighted version of Birkhoff 's ergodic theorem. The joining lemma follows the line 
of the analogous result in perforated open sets for standard Sobolev spaces proved by Ansini and 
Braides [l]. It is a variant of an idea by De Giorgi [19] in the setting of varying domains, on the way 
of matching boundary conditions by increasing the energy only up to a small error. This method is 
elementary and based on a clever slicing and averaging argument, looking for those zones where the 
energy does not concentrate. The joining lemma allows us to reduce in the r-limit process to families of 
functions which are constants on suitable annuli surrounding the obstacle sets. Thus, to estimate the 
capacitary contribution close to the obstacle set T £ (u>) we exploit the capacitary scaling assumption 
on the process 7 together with a weighted variant of Birkhoff 's ergodic theorem (see Theorem 4.1). 
This argument allows us to show that ao equals IE [7]. 

In Section 2 we list the assumptions and state the homogenization result. To avoid unnecessary 
generality we deal with the model case of p-norms, p £ (1, +00), since this case contains all the features 
of the problem. Section 3 collects several results concerning weighted Sobolev spaces in case the weight 
function is a Muckenhoupt weight of the form w(y, xn) = \xn \ a ■ A weighted ergodic theorem relevant 
in our analysis is proved in Section 4. In Section 5 we prove the T-convcrgence theorem. Finally, in 
Section 6 we indicate several possible generalizations. 

2. Statement of the Main Result 

2.1. Basic Notations. The ball in R w with centre x and radius r > is denoted by B r (x). and 
simply by B r in case x = 0. The interior and the closure of a set E C H N are denoted by int(E) and 
E, respectively. Given two sets E CC F in R*, a cut-off function between E and F is any <p £ C§°(F) 
such that <p\e = 1. 

Not to overburden the notation each set E C R^ -1 and its copy E x {0} C H N will be undistin- 
guished. 

In the sequel U denotes any connected open subset of the half-space R+ := {x = (y, xn) : y £ 
R , xn > 0} whose boundary is Lipschitz regular. The part of the boundary of U C R^ lying on 
{xn = 0} is denoted by d^U := dU fl {xjy = 0}. 

We use standard notations for Hausdorff and Lebesgue measures, and Lebesgue spaces. The inte- 
gration with respect to the measure TL n ~ 1 \_{xn = 0} is denoted by dy, and for V C {xn = 0} the 
spaces LP(V,H N - l \-{x N = 0}) simply by LP(V), p £ [l,+oo]. 
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The lattice in R w_1 underlying the periodic homogenization process is identified via the points 
y) := iej e R N -\ x) := (j/j,0) G R N and the cubes Q) := y) + £j[-l/2, l/2) N ~ l C R*" 1 , 
i e 7> N ~ l . Here, is a positive infinitesimal sequence. Finally, for any set E C R^ -1 define 

Ij{E) :={i6Z } '- 1 : Q^CE}. 

2.2. T- convergence. We recall the notion of T-convergence introduced by De Giorgi in a generic 
metric space (X,d) endowed with the topology induced by d (see [17], [4]). A sequence of func- 
tionals Fj : X — > [0, +oo] T-converges to a functional F : X — > [0, +oo] in u G X, in short 
F(u) — r-lim^ Fj(u), if the following two conditions hold: 

(i) (liminf inequality) V (iij) converging to u in X, we have liminfj Fj(v,j) > F(u); 

(ii) (limsup inequality) 3 (iij) converging to u in X such that limsup,,- Fj(uj) < F(u). 

We say that Fj T-converges to F (or F= T-lmyFj) if F(u) = T- lim.,- Fj (it) Vit S X. We may also 
define the lower and upper T-limits as 

T- lim sup Fj (u) = inf {lim sup Fj [uj ) : Uj — ► it}, 

j i 

r~ lim inf Pj -(u) = inf {lim inf Fj(uj) : iij — > u}, 

respectively, so that conditions (i) and (ii) are equivalent to T-limsupji^ (u) = T-\immijFj(u) = F(u). 
Moreover, the functions T-limsupji^ and T-]hnm£jFj arc lower scmicontinuous. 

One of the main reasons for the introduction of this notion is explained by the following fundamental 
theorem (see [17, Theorem 7.8]). 

Theorem 2.1. Let F = r-linij Fj, and assume there exists a compact set K C X such that infx Fj = 
inf i<- Fj for all j . Then there exists minx F = linr, infx Fj . Moreover, if (uj) is a converging sequence 
such that linij Fj(uj) = linx,- infx Fj then its limit is a minimum point for F. 

2.3. Assumptions and Statement of the Main Result. We consider a probability space 
(0, P). For all wed and jeN the set Tj(w) C R"" 1 is given by 

Tj(u) = \J ieZ N-iTj(u) 

where the sets Tj(ui) C satisfy the following conditions: 

(Hp 1). Capacitary Scaling: There exist a positive infinitesimal sequence (6j)j and a process 7 : 
Z^" 1 x Q -> [0, +00) such that for all i G Z N ~ X and w G 

cap p ^(T-(u)) = 5j7(i,w). 

(Hp 2). Ergodicity & Stationarity of the Process: The process 7 : Z^" 1 x f2 — > [0, +00) is stationary 
ergodic: There exists a family of measure-preserving transformations r k : Q — > £7 satisfying 
for all i, k G Z 7 ^ 1 and w £ SI 

7(i + k,w) = 7 (i,T k w), (2.1) 
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and such that if A C f2 is an invariant set, i.e. t^A = A for all k G Z N_1 , then either ¥(A) = 
or P(A) = 1. 

Moreover, for some 70 > we have for all i G Z^ -1 and P a.s. oj G il 

7(i,w) < 70. 

(Hp 3). Strong Separation: There exist e, M > such that for all i G Z^" 1 , w e O, and for every 

ej G (0,e) it holds Tf(uj) C ^ + Me? [-1/2, 1/2) JV - 1 , where /3 = (N - l)/(N-p + a). 
(Hp 4). The sequence (<5 J £j Ar+1 ) has a limit in [0, +00]. We denote such a value A. 
Assumptions (Hp l)-(Hp 3) were introduced in [7] (see Remark 5.4 for a weak variant of (Hp 3)). 
In the following remarks we briefly comment on the previous assumptions. 

Remark 2.2. The capacitary scaling assumption implies that 

cap^(T»)< ca PpA T tt"))= S j E 

7(i,w). 

lgZ jv-i iez"- 1 
Heuristically, we may assume cap p ^ (Tj(to)) ~ Xaez™- 1 ca P P ^{^(oj)) since the obstacles Tj(w) are 
sufficiently far apart one from the other by the strong separation assumption. Hence, by taking into 
account Birkhoff's individual ergodic theorem P a.s. in CI we infer 

cap PiM (T»)~AE[ 7 ]. 

Thus we can distinguish three regimes according to the asymptotic behaviour of 8j£~ N+l (see Theo- 
rem 2.4)- 

Remark 2.3. The stationarity property is a mild assumption in order to have some averaging along 
the homogenization process, a condition weaker than periodicity or quasi-periodicity. It implies that 
the random field 7 is statistically homogeneous w.r.to the action of traslations compatible with the 
underlying periodic lattice, e.g. the random variables 7(3., ■) are independent and identically distributed. 

With fixed exponents a G (— 1, +00) and p G ((1 + a) VI, N+a) (these restrictions will be justified in 
Section 3, Remark 2.11 and Appendix A), consider the measure fj, := \xN\ a dC N and the corresponding 
weighted Sobolev space W 1,P {U, n) (see Section 3). 

Let ip be upper bounded and continuous in the relative interior of d^U w.r.to the relative topology 
of {xjv = 0} (for some comments on this assumption see Remark 2.10) and define the functional 
Tj : LP{U, n)xfl^ [0, +00] by 

!/ \Vu\ p d^i if u G W hp (U,n), u > tp cap p q.e. on Tj(u) Dd N U 
Ju ' (2.2) 

+00 otherwise. 

Here, cap p „ is the variational (p, /^-capacity associated with fj,, and u denotes the precise represen- 
tative of u which is defined except on a set of capacity zero (see Section 3). 

To state the main result of the paper and not to make it trivial we also assume that (see Remark 2.9) 
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(Hp 5). there exists / G W 1,P (U, fx) such that / >ip cap p „ q.e. on 8nU . 

Theorem 2.4. Assume (Hp l)-(Hp 5) hold true, N > 2, and that a G (-l,+oo), p G ((1 + a) V 
l,N + a). 

Then there exists a set Q' C Q of full probability such that for all u) G O' the sequence (Tj{-,u)))j 
V -converges in the L p (U,n) topology to the functional T : L p (U,\i) — > [0, +oo] defined by 

F{u)= f \Vu\ p dfx+hE[ 7 ] f \(i>(y)-u(y,0))V0\ p dy (2.3) 

JU 1 Jd N U 

if u G W 1,P (U, ju), +oo otherwise. 

In case U is not bounded equi-coercivity for the functionals Tj is ensured only in the L p oc (U, /j.) 
topology. A relaxation phenomenon takes place and the domain of the limit has to be slightly enlarged 
according to Sobolev-Gagliardo-Nircnbcrg inequality in 

K p (U, M ) = {u G L p ' (U, fi) : Vu G (L P (U, fx)) N }, (2.4) 

where p* = (N + a)p/ (N + a — p) is the Sobolev exponent relative to W 1,P (R N , fj,) (see Lemma 3.2). 
We show r-convcrgcncc in that case, too 

Theorem 2.5. Under the assumptions of Theorem 2.4, if U is unbounded there exists a set Vt' G O 
of full probability such that for all lu G fi' the family (J-j{-,u)))j Y -converges in the L p oc {U,ix) topology 
to the functional J- : L p oc (U, /i) — > [0, +oo] defined by 

F{u)= ( \Vu\ p dfx+ I AE[j] f \^(y)-u(y,0))V0\ p dy (2.5) 

JU L Jd N U 

if u G K p (U,fi), +oo otherwise. 

The set fl' referred to in the statements of Theorem 2.4, 2.5 is defined in Section 5 below. 

Theorem 2.4 is compatible with the addition of boundary data. Assume that U is bounded, denote 
by £ a non-empty and relatively open subset of dll \ OnU, and by W %(U, the strong closure in 
W 1,P (U, /x) of the restrictions to U of functions C°° (R w ) vanishing on a neighbourhood of S. Further, 
we require that S n 8nU = to avoid additional technicalities. 

Corollary 2.6. Assume that U is bounded, and that (Hp l)-(Hp 4) hold true. With fixed N > 2, a G 
(— 1, +oo), p G ((l+a)Vl, N+a) and u G W 1 ' P (U, /i) s.t. u > ip cap p q.e. on d^U there exists a set 
£1" G Q of full probability such that for all lj G il" the functionals J-j(-,uj) + ^ Ua+ w 1 - p {u n) ^-converge 
in the L P (U, fi) topology to ^+^ Uo+ w 1,p {u w ^ ere ^ Ua +w 1 - p (u ^) * s the0,+oo characteristic funtion 
of the subspace uq + W '£(U, fj.). 

F-convcrgence theory then implies convergence of minimizers provided the equi-coercivity of the 
Tj's holds (see Theorem 2.1). That property is ensured by Theorem 8 [23] in case U is bounded, and 
by Lemma 3.2 below if U is unbounded. 



min < J-j(u, u>) 
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Corollary 2.7. Under the assumptions of Corollary 2.6 let g G L^ p ' (U, fx), (p*)' denotes the conjuate 
exponent of p* , and Uj(-,u)) be the minimizer of 

min l^^it,^;) — J gudp : u G uq + Wq'^(U, p) j- , 

then (uj) converges weakly in W 1,P (U, /i) and P a.s. in Q to the minimizer of 

min — J gudfi : u G uo + Wq'^(U, /i) 

In addition, if U = and g G J {U, p) the minimizer Uj(-,u>) of 

f gudp: ueW5*(R%,fi)\, 
+ J 

converges locally weakly in W 1,p (R^,/i) anrf P a.s. in ft to the minimizer of 

min i^F(u) -J gud/j,: u& W / o' p (R+, j u)| . 

Remark 2.8. Theorem 2.4 recovers the results established in [7] for p = 2. Indeed, in the statement 
there N > 2, a G (— 1, 1) and thus the compatibility condition between a and p is satisfied. The results 
contained in [6] can also be inferred by the method below (see Section 6). 

Remark 2.9. In case U has finite measure (Hp 5) is unnecessary since the constant function supg^jj ip 
satisfies it. In general, (Hp 5) suffices to ensure that r-liminf Tj is finite in some point, i.e. on f . 
Actually, from Propositions 5.2, 5.3 below we get Y-Ym\j J-j(f) = T{f). 

Remark 2.10. In [7] the obstacle function ip is taken to be defined on the whole of U andto beC 1,1 ^), 
which clearly implies swpq nU ip(-, 0) < +00 if U is bounded. The latter condition is guaranteed also 
if OnU — R*" 1 since the T-limit is finite in some point (see Remark 2.9). Indeed, in such a case it 
follows that ?/>(•, 0) V G i p (R w_1 ). More generally, this holds whenever OnU is not quasibounded. 

Remark 2.11. The restrictions a > —1 and p > 1 + a avoid trivial results. Indeed, if a < —1 or 
p < 1 + a then W 1,P (U, fi) = W ' P (U, fi) (see [25, Proposition 9.10],), and the compatibility condition in 
(Hp 5) leads to ip < 0. Hence, no finite penalization term would appear in the homogenization limit. 

3. Sobolev Spaces with A p weights 

3.1. Generalities. We recall that a function w G L 1 1 oc (R 7V , (0, +00)) is called a Muckenhoupt p- weight 
for p G (1, +00), in short u G ^(R N ), if w G L\ oc (R N , (0, +00)) and 

sup (r~ N f w(x)dx\(r- N [ w 1 / ( - 1 - p \x)dx] <+oo. (3.1) 



r>0,zER N Y JB r (z) I \ J B r (z) 

In the sequel we will consider only weight functions of the form w{x) = \xN\ a , with a G (— 1, +00) and 
p > (1 + a) V 1 (see the Appendix A and Remark 2.11). Then we define the Radon measure \i on R w 
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by fx := wdC N . Take note that C N <C li and ll <C £ N ■ If A C R N is an open set the space H 1,P (A, ll) 
defined as the closure of C°°(A) in L p (A,ll) under the norm 

shares several properties with the usual unweighted case. In particular, Meyers and Serrin's H = W 
property holds (see [23]). We will give precise references for those properties employed in the sequel 
in the respective places. We will mainly refer to the book [21], and to [25] when the general theory of 
weighted Sobolev spaces is concerned. Hereafter we quote explicitely only those results which will be 
repeatedly used in the proofs below. 

Lemma 3.1. Let A C R w be a connected bounded open set, then for any E C A with C N (E) > 
there exists a constant c = c(A, E, N,p, fi) > such that 

\u - u rE \ p dfi < cr p f \Vu\ p d[i (3.2) 

rA JrA 

for any r > and u £ W 1,p (rA, fx), where u r E = f E udLi. 

The (scaled) Poincare inequality stated above can be inferred by the usual proof by contradiction 
in case r = 1 and a simple scaling argument (see [21, Theorem 1.31] for weak compactness results in 
weighted Sobolev spaces) . Let us then establish a weighted Sobolev-Gagliardo-Nirenberg inequality. 

Lemma 3.2. Let a 6 ( — 1, +oo), p£ ((1 + a) V 1, N + a). There exists a constant c = c(N,p, ll) > 
such that 

II u I[lp*(r«, m ) < c||Vu||(£p(rw jM ))jv (3.3) 
for all u e K p (R N , ll), where p* = (N + a)p/(N + a - p) (see (2.4) ). 

Proof. Let us first notice that the measure fi is p-admissible according to [21, Chapters 1,5]. By [21, 
Theorem 15.21] there exist constants x > 1 and c = c(N,p,fi) > such that 

\ !/(xp) / f \ 1/P 

\u\ xp dnj - cr [f \ Vu \ P ^\ (3-4) 

for all r > and u G C^°(B r ). Being the measure ll = \x^\ a dC N (N + a)-homogeneous a scaling 
argument shows that \ = P*/P- Thus, (3.4) rewrites as (3.3) for all r > and u £ C§°(B r ). 

The equality W 1 > P (R N , (i) = Wq' p (R n , ll) (see [21, Theorem 1.27]) and (3.4) justify (3.3) for 
Sobolev maps by a density argument. Eventually, given u £ K p (R N ,fi) let <p n be a cut-off function 
between B ra and J52n with || Viy9 rl ||^ L00 ^ RJ v^ N < 2 /n p , we claim that u n = Lp„u £ W /1 ' P (R JV , fi) converges 
strongly to u in L p (R N , fi) and Vu„ converges strongly to V« in (L P (R N , ll.)) n ■ Indeed, we have 

\u„ — u\ p d/i < \u\ p d\i 

R" JR N \B n 
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and by Holder's inequality 

/ \V(u n ~u)\ p dii < 2P- 1 I \\7u\ p du. + — [ \u\ p d^ 

(\ p/p* 
[ \u\P'dn) 
Jb 2 „\b„ J 

and so the conclusion follows. □ 



Finally, we recall a trace result in the weighted setting. 

Theorem 3.3 (Theorem 9.14 [25], Sec. 10.1 [28]). Let A C R w be a Lipschitz bounded open set, if 
a £ ( — l,+oo) and p > 1 + a there exists a compact operator Tr : W 1,P {A, fj) — > L p (0nA) such that 
Tr(it) = u for every u £ C°°(A). 

In the rest of the paper to denote the trace of a function u £ W 1 ' P {A, a.) on On A we use the more 
appealing notation it(-,0). 

3.2. Variational (p, /^-capacities. We recall the notion of variational (p, /^-capacity (sec [21, Chap- 
ter 2]): Given any open set A C R w and any set E C H N define 

cap B JE, A) := inf inf { / \Vu\ p d^ : u £ Wq' p (A 7 /i), u > 1 C N a.e. on A' \ , 

{A' open : A'DE} [J A ) 

with the usual convention inf = +oo. In case A = R*, TV > 2, we drop the dependence on A and 
write only cap p M (£ ; ). 

Recall that a property holds cap p M q.e. if it holds up to a set of cap p „ zero. In particular, any 
function u in W 1,P (A, /i) has a precise representative u defined cap p „ q.e. (see [21, Chapter 4] and 
[22]). By means of this result the following formula holds (see [21, Corollary 4.13] and the subsequent 
comments) 



cap pAI (75, A) = inf I^J \Vu\ p dfi : u £ Wq' p (A, h), u > 1 cap pAI q.e. on T^j 



(3.5) 



Thanks to (3.5) it is easy to show that if A is bounded the minimum problem for the capacity has 
a unique minimizer u E ' A , called the (p, [i)-capacitary potential of E in A. Instead, in case A ~ R N 
the minimizer might not exist. The minimum problem has to be relaxed, so that it has a (unique) 
solution, denoted by u E , in the space K P (R N , /j.) by Lemma 3.2. 

Simple truncation arguments imply that < u E < 1 C N a.e. on R , and for every A > we get 
by scaling 

ca Vp ^{\E, XA) = \ N - p+a c&p p jE : A). (3.6) 

For this reason we will restrict ourselves to the range p < N + a to be sure that points have zero 
capacity (see for instance [21, Theorem 2.19]). 
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If A and E are simmetric with respect to the hypcrplanc xn = then the (p, /z)-capacitary potential 
of E in A, u E ' A , enjoys the same simmetry and in addition it satisfies 

f \Vu EA \ p d^ = \c &Vp ^E,A). (3.7) 

Moreover, cap (E + z, A + z) = c-Ap p fi (E, A) if z e R^" 1 x {0}, being fi unaffected by horizontal 
translations. 

Some further properties are needed. The results below are elementary, but since we have found no 
explicit reference in literature we prefer to give full proofs. 

First we show that set inclusion induces a partial ordering among capacitary potentials. 

Proposition 3.4. Assume E C F, then u E < u F C N a.e. in R . 

Proof. Assume by contradiction that L N ({u F < u E }) > 0, then the test-function if = (u E — u F ) V0 G 
Wq' p (R n ,li) is not identically 0. Notice that 

I V(u E - u F ) C N a.e. in {u F < u E ] 
Vv={ (3.8) 
I C N a.e. in {u E < u F ] 

(see [21, Theorem 1.20]). By exploiting the strict minimality of u F for the capacitary problem related 
to F, and by comparing its energy with that of u F + (p, (3.8) entails 



/ \\7u F \ p dfi< I \\7u E \ p dfi. 

J{u F <u E } J{u F <u E } 



(3.9) 



Let us now define w = u E A u F , then w is admissible for the capacitary problem related to E, and by 
computing its energy we infer from (3.9) 

/ \Vw\ p dfi= I \Vu E \ p dfi + [ \Vu F \ p dn< f \Vu E \ p d^, 

Jr« J{u e <u f } J{u f <u e } Jr™ 

which is clearly a contradiction. □ 

In turn, Proposition 3.4 yields uniform convergence of the relative capacities to the global one for 
sets contained in a bounded open given one. In doing that we exploit De Giorgi's slicing-averaging 
method to refine the cut-off argument contained in Lemma 3.2. 

Proposition 3.5. For any bounded set E C R w we have 

limcap Pi(tt (-E,-B„) = inf cap Pi(tt (-£,£„) = cap^-E). (3.10) 

Furthermore, given a bounded open set A C R w , then 

lim sup |cap (E,B n )- cap P J E )\= 0- (3-11) 

" {E-.EGA} 
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Proof. Assume £ CC B m , and let (p^ be a cut-off function between B n k and -B Tl (fc+i), n,r G N with 
n > r > m and fc G {1, . . . ,1 — 1}, such that | ^ l Pn\\^L' x '('R N )) N — 2/n p . Thus, it follows for every such 
k 

c aVp jE,B n(k+1) )< [ |V(^u B )R/i 

<f \Vu E \ p d^ + 2 p - 1 [ \Vu E \ p dy,+ — [ \u E \ p d^. 

JB nk JB n{k + 1) \B nk n p J B„ (k+1) \B nk 

Hence, by taking into account that (cap p M (T3, Sj))igN is a decreasing sequence and by summing-up 
onfce{l,...,r — 1} and averaging we infer 



f 2 P \ 2 P f 

cap Pi/1 (£?,B nr ) < (1 + -J c &Vp JE) + ^;J e 



\u E \ p dfi. 

B„ r \B n 



Since u E G L p (R N , /J,) by Lemma 3.2, Holder's inequality and the (TV + a)-homogeneity of [i yield 

cap^OE,^) < (l + ^) cap^S) + 2 P ^(B 1 ) r^ 1 U ^ \u E f d^j . (3.12) 

In turn, by passing to the limit first as n — ► +oo and then as r — > +oo the latter estimate implies 
(3.10) being (cap„ „(J5, Bj))j G N decreasing and bounded from below by cap 

Eventually, to get (3.11) notice that with fixed a bounded open set A, A CC B m , for every E C A 
we have cap p AE) < cap p and < u E < u A by Proposition 3.4, then (3.12) yields 

< cwp Ptli (E,B nr ) - ca PpiA1 (£) < -ca PpiM (A) + 2 p v(B 1 )r p ~ 1 ( [ \u A \»'dp\ . 

r \JB nr \B n ) 

By taking into account that (cap p ^{E, T3i))igN is decreasing the uniform convergence is established . 

□ 



4. A WEIGHTED ERGODIC THEOREM 

In this section we prove a weighted version of the ergodic theorem relevant in our analysis. We 
adopt the notation of (Hp 2) and introduce some new. First, take note that 7(i, •) G L°°(f2, P) for 
every i G Z w_1 , and that the stationarity assumption (2.1) on the n's yields E[7(i,-)] = E[7(k, ■)] 
for every i,k G Z^ -1 , where 

E[ 7 (i,-)] := [ >y(i,w)dP(u). 

The common value is denoted simply by £[7]. For every i G Z^ 1 the operator T± : L°°(f2, P) — > 
L°°(f2,P) is defined by T±(f) = f o t±. By the stationarity assumption (2.1) it is then easy to check 
that 5? = {Ti} ieZ N-i is a multiparameter semigroup generated by the commuting isometries T er for 
r G {1, . . . , TV — 1}, being {ei, . . . , ejv-i} the canonical basis of R w_1 . 



12 
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Theorem 4.1. Let 7 be a process satisfying (Hp 2), then P a.s. in f2 

l fmV) £ 7(1,«)=E[ 7 ], (4.1) 

and 

*,,•(*, w):= 2 7 (i,a;)xQj(a ; )^E[7] weak*L°°(F). (4.2) 
iex,-(v) 

/or every bounded open set V C R^" 1 with £ (dV) = 0. 
Proof. With fixed a set V as in the statement above define 

Mf)= E «j.iW)> 

ieZ N-l 

where for every j £ N and i £ Z^ -1 we set a 3 .i = (#Tj(V))~~ 1 Xx j (v){i)- We claim that (A,-)j e N is 
an ergodic J^-net according to [24, p. 75], i.e. 

(El) each Aj is a linear operator on L°°(r2,P), 

(E2) A,-(/) G co^(/) for each / G L°°(ft,P) and all j e N, 

(E3) the A,'s are equi-contimious, and 

(E4) for each / E L°°(ft,P) and i e Z 7 ^ 1 

lim(A 3 - (!!(/)) - A,-(/)) = lun(TdMf)) ~ MD) = 0- 

3 3 

Clearly, (El) is satisfied. For what (E2) and (E3) are concerned it is enough to notice that 
SiGZ™- 1 a jA = 1 f° r every j G N. Moreover, for j sufficiently big it holds 

E X l«2,i ~ a J,i+k| 

iez™- 1 {kez™- 1 : |k|=i} 

< ^ #j^£Z^ 1 _g[rW^0} <jv ^"HW^) 



In turn the latter estimate implies 



limsup [ \ctj i0 \ + E E ~ a 3 , i+ k| ] = 

iez"- 1 {kEZ*- 1 : |k| = l} 



3 



and thus (E4) is satisfied, too. By Eberlein's Theorem (see [24, Theorem 1.5 p. 76]) we have that 
Aj{f) -> f in L°°(fl, P) for all / e L°°(n,P), where / e {g e co,y{f) : T x {g) = g Vi e Z^ 1 }. The 
crgodicity assumption on the Ti's implies that / is constant P a.s. in f2, and since Xaez™- 1 = 1 
for every j s N, the convergence Aj(f) — > / in L°°(Q,P) implies / = E[/]. 
To deduce (4.1) apply the result above to 7(0, •) and notice that 

A ^-^ = WTv) E 7(i,«) 

^ X ^J le x,(V) 

since 7(3., w) = 7(0, Ti(w)) for all i e Z^ -1 and w £ SI by (2.1). 
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Eventually, in order to prove (4.2) consider the family £} of all open cubes in R^ 1 with sides 
parallel to the coordinate axes, and with center and vertices having rational coordinates. To show the 
claimed weak* convergence it suffices to check that liim, J Q $j \x, oj)xq(x) dC 1 ^^ 1 = (Q)E[7] for 

any QeJ with Q C V. We have 



(^ j (x,o;)-E^})dC N - 

Q 



< 



1 J2 7(i^)-£ W - 1 (Q)IE[7] 



'3 



+ 2 7o /: Ar - 1 (Q\U 16 i j( Q ) Qj) 



and thus (4.1) and the denumerability of £2 yield that the rhs above is infinitesimal P a.s. in Q,. □ 

Remark 4.2. Even dropping the ergodicity assumption, conclusions similar to those in Theorem 4-1 
still hold true. Indeed, by arguing as in the proof above integrating and exploiting the stationarity of 
7, the limit 7(0, •) of the sequence (A? (7(0, ■))) turns out to be characterized as the unique function in 
L°°(n,¥) satisfying 



7 (0, W )dP= / 7(0, w 
/ J 1 

for every set I £ invariant w.r.to the t±'s. Thus, if J? denotes the a-subalgebra of of the 
invariant sets of the t± 's, 7(0, ■) is the conditional expectation of 7(0, ■) relative to J? , denoted by 
E[ 7 ,^]. Statement (4.2) then follows analogously. 

5. Proof of the main result 

Throughout the section the open set U C will be fixed. Thus, for the sake of simplicity we 
denote Xj := Tj(dNU). Furthermore, (Ki)neN will always denote a sequence of bounded open subsets 
of 8nU with Lipschitz boundary such that dnU = U n Vn and V n CC V n +i- 

The set il' mentioned in Theorem 2.4 is defined as any subset of SI of full probability for which 
(4.1) and (4.2) hold true for V n for every n £ N. 

In some computations we find inequalities involving constants depending on U, N, p, fi etc... but 
are always independent from the indexing parameter j. Since it is not essential to distinguish from 
one specific constant to another, we indicate all of them by the same letter c, leaving understood that 
c may change from one inequality to another. 

Below we prove a joining lemma on varying boundary domains for weighted Sobolev type energies. 
The argument follows closely that by [1] in the unweighted case for the periodic homogenization on 
perforated open sets. 

Lemma 5.1. Let (uj) be converging to u in L p (U,/j,) for which sup^- || itj || vk 1 '^ (?y,^t) < +°°- 

Let k £ N and u> € il be fixed, then for all i £ Xj there exists hi £ {1, . . . , k} such that, having set 

ll] h : {.r I : \x - x)\ < 2"^}, C\ J ' : B)' h \ Bf l+ \ 



14 
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there exists a sequence converging to u in L P (U, 11) and such that for every jeN 

Vj=Uj on U\U ie x ] C j ' hi , (5.1) 
3 

Vj(x) = (uj) c ±M if \x -Xj\ = -2~ hi e , x G U, (5.2) 



J A J A 



4 

< \ [ \V Uj \ p dfi (5.3) 

for some positive constant c independent from j and k, and for all open sets A C U where 

Sj{A) : |i : /, : Q)r\A^ 0}. 

Furthermore, the functions Qj := J^iei X u j)c i ' h ^Q i conver 9 e t° u ^ n L\ oc (dNU). 

Proof. For all j G N, i G Tj and 1 < h < k denote by ip^' h a cut-off function between Sj' := {x G 
U : \x-x)\ = p- h £j} and U \ C)' h , with || V^ 1,l || (i oc (RJV))w < 2 h+2 eJ 1 . Then define 

i h ^("jOcr*." + (! - ¥y'') u j on C j J \ 1 e Ij 
I otherwise on U. 

Being Lvp(<Pj' h )2~ h ~ 2 Ej < 1 we infer 

and thus by taking into account Lemma 3.1 we get 

for some positive constant c depending only on N, p and pi. Indeed, the ratio between the outer and 
inner radii of C^' h is equals 2 for every i, j, h. 



By summing up and averaging in h, being the Cj' disjoint, we find h± G {1, . . . , k} such that 

Define Vj = Vj' hi on \Jj j Cj' hi and Vj = otherwise, then (5.1), (5.2) are satisfied by construction, 
and (5.3) follows easily from (5.4) and (5.5). 

To prove that (vj) converges to u in L P (U, fx) we use again Lemma 3.1. Indeed, by the very definition 
of Vj we have 

\\Uj -^H = W U 3 ~ V j\\LHC]' h \n) 

< K _ Mc;- h ^LP( C ;^^) ^ c §rll v ^ll(L P (ci-^,M))« - ce jll Vu jll(^(^)) N - 
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Eventually, let us show the convergence of (Q) to u in L\ oc {dMU). The (local) compactness of the 
trace operator (see Theorem 3.3) and the very definition of Vj entail for any open set V CC 8nU 



limsup || Cj - u \\ P L v {V ) = limsup \\(j - U ]\\ P LHV ) ^ limsup ^ \\uj - {uj) &M \\ P LP{Qiy (5.6) 
J J i lex, 

An elementary scaling argument and the Trace theorem 3.3 yield 

\\Uj - (Uj) c i, hi Hip(Ql) 



^ „— 1— a 
<C£ j 



[\\Uj - («i)f7^ hl Hii>(Ojx(0,c f ),M) +£ ill V ^ll( , Lf(Qjx(0,e 3 ),A I )) N ) ( 5J ) 



for some positive constant c depending only on N, p and Since the scaled Poincare inequality (3.2) 
entails 

K' - (Uj) i.* ll^(Qjx(0 )£j M ^ Ce jll Vu jll^(Q 5 x(0, ej ),M))«' ( 5 ' 8 ) 

the thesis then follows by collecting (5.6)-(5.8) being p > 1 + a. □ 

We are now ready to prove the lower bound inequality. 
Proposition 5.2. For all oj G f2' and u G L p (U,/i) 

T{u) < r-liminf Fj{u,u). (5.9) 

3 

Proof. We may assume A G (0, +oo), the estimate being trivial if A equals 0, while if A = +oo it can 
be inferred by a simple comparison argument with the case A finite. 
We use the notation introduced in Lemma 5.1, and further set 

B) := jz G R W : \x - x)\ < J , (5-10) 

for all i G Ij (recall that Ij = Ij{d^U)). 

With fixed Uj — > u in L P (U, (i) with swpj Tj (uj , uj) < +oo define the function 



(uj) c ±M on Bj n U, i G Ij 
Vj (x) otherwise on U, 



where (yj) is the sequence provided by Lemma 5.1. It is easy to check that £j — > u in L p (U,/j.) and 
swpj W^jWwi'PiU.fj.) < +oo. By taking into account (5.3) and by splitting the energy contribution of Vj 
far from and close to the obstacles yields 



^1 + — ^ liminf !Fj{uj, uS) > liminf J 7 j(vj,u>) 



> liminf || Vvj \\ P (LPmuT . B]4l)r + liminf ^ ||V«j 



L 'Jll(LP( [ /\u Ij .Bi^ I ))« -r^ym ^ || v ^ ll(iP( J B)n£/, / u)) JV 

ieXj 



liminf ||V^||^ p([fjM))N +nminf ^ l|V^||^ p(B i n£7 ^ )y 

lex. 
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^ II Vu II(W,m))" + lim , inf E H^H^^n^))"- ( 5 - U ) 



We claim that for all uj € 17' 

liminf ]T HV^-ll^^n^ ))W > |ae[ 7 ] / $(^(y) - u{y,Q))dy, (5.12) 

where $(i) := (t V 0) p . Given this for granted, we infer (5.9) from (5.12) and by letting k — > +oo in 
(5.11). 

To conclude we are left with proving (5.12). Denote by U = mt{(y,x N ) € R W : (y, \x N \) G */}, 
and extend «j to t/ by simmetry with respect to the plane xn — 0, i.e. Vj(y,XN) '■= Vj(y, \ x n\) for 
x S 17. Notice that v 3 g W 1,p (i7,/i) and || V% II ^.(b^))* = 2|| Vv 3 ||( iP(B i nt/i/1 ))N • Thus, for every 
i G X,- we infer by property (5.2) in Lemma 5.1 

\\^ V j\\ P (LP(B i ] nU^)) N = 2 H^ 7 ^'H('i»(Bi,M)) JV 

> iinf {||V«||^ p(B i iA()) K : « - (Wj) c i."i G iy 1,p (Bj,^), v > tp cap p A1 q.e. on T}(u>)} 

> iinf {||Vi>||^ p(RJV ^ ))N : u e Wq^CR^.m), w > ^ - KOc^ cap PiA1 q.e. on T?(c;)} . 

With fixed r/ > the uniform continuity of ip on the open set V n +i CC OnU implies that ip(y) > 
ipil/j) — ?7 for every y £ Ux^vw+iJ-^j ( w ) ^ or sufficiently big. Thus we deduce 

E H V ^H(£*>(^))" - | 5 i E 7(i,<"W(t/j) - (%) c ;.>h - V). (5.13) 

i62j i£X,(V„ + i) 

In deriving the last inequality we have exploited the p-homogeneity of the weighted norm, formula 
(3.5), and the capacitary scaling assumption in (Hp 1). 

To estimate the last term above define ipj := X^iex (V'(j/j)™( u :)')c 1 '' H an d consider the functions 
^ j introduced in Theorem 4.1 for V = V n +\, i.e. 

^j(y,u)= E 7(i,w)xQi(j/). 
iex,(v n+ i) 

Recall that by the very definition of Jl' we have oj) — > E[ 7 ] weak* L°°(V,i+i) for all cj e fi'. Being 
V n CC V^+i, (5.13) rewrites for j sufficiently big as 

E H V ^H(W^))« > 5^ tJV+1 / *(Mv) V)*j(y,")dy. (5.14) 

Notice that ipj — ► (ip — u) in X p (V^+i) by the continuity of -0 and by Lemma 5.1. In turn this implies 
^•(V'j — 77) — ► $(?/) — u — rj) in L 1 (K 1+ i) for every 77 > 0. Hence, for every fcgN and 77 > we get 

liminf £ ||V^|| P LP(Bl Ai))N > 1aE[ 7 ] f - «(V, 0) - 77) dy. 

3 ±ei 3 " Jv ™ 

To recover (5.12) let 77 — > + , and then increase V n to 8nU ■ □ 
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In the next proposition we show that the lower bound derived in Proposition 5.2 is sharp. 
Proposition 5.3. For all u> £ il 1 and u £ L p (U,/j,) 

T-limsup J-j(u,uj) < T(u). (5.15) 

3 

Proof. Let us show that for every u £ L p (Q,fj.) such that J-(u) < +oo and for every event w 6 fi' wc 
may construct Uj £ W l ' p (U, /i) such that Uj — > u in L p (U,fi) and 

limsup ^(uj, ui) < JF(u). (5.16) 

j 

Take note that we may assume A £ (0, +oo). Indeed, if A = we may use a comparison argument 
with the former case to conclude. Instead, if A = +oo by Proposition 5.2 we have u > ip cap p „ q.c 
on OnU , and then we may take Uj = u. 

Furthermore, we may reduce to u £ C ' 1 n L°°(U), and ip £ L°°(dMU) and continuous in the 
relative interior of 8nU w.r.to the relative topology of {xm = 0}. 

Indeed, suppose (5.16) proven under those assumptions. The functions ipk '■= ip V (— fc), k £ N, are 
bounded and continuous on the relative interior of d^U, ipk > V'fc+l ^ V' an( i (V'fc) converges to ^ 
pointwise. Denote by , T^ k the functional defined as Tj, T in (2.2) and (2.5), respectively, with ip 
substituted by ipk ■ Clearly, we have J-j < , so that T- lim sup^- J-j (u, oj ) < r- lim su Pj J 7 /" (u, uj) = 
^"(u). Moreover, notice that J^"(u) -> .F(u) as ft -» +oo being u £ L°°(U). 

It is easy to check that if F{u) < +oo then T(u V (—ft) A fc) < +oo for any ft £ N with ft > 
IIV'lli^CSjvE/) ( see [21, Lemma 1.19] for the fact that truncations preserve W ' P (U, fi) regularity). The 
density of C 0,1 n L°°(U) in W 1,P (U, /i) and the lower semicontinuity of r- lim sup.,- Tj then establish 
(5.16) for functions in W 1,P (U, /i) once it has been proven for their truncations (see [11, Theorem 1.1] 
and [23, Theorem 4] for extension and density results in R N , respectively). 

Clearly, if ip is bounded we may also take the function / in (Hp 5) to be in L°°(U) upon substituting 
it with its truncation at the levels iH^ll^co/g^m. 

To conclude the proof we distinguish two cases according to whether U is bounded or not. 

Step 1: U is bounded. With fixed r\ > such that 

H N ~ 1 {{y £ N U : V(y) - u(y, 0) = V }) = 0, (5.17) 

consider the (relatively) open sets E := {y £ 8nU : u(y,0) + rj < ip(y)}, E„ := £ fl V n , and the 
set of indexes J?j := {i £ Z^ 1 : Qj D E ^ 0}. By the uniform continuity of ip on V n we have 
ip(y) < ipiVj) + V f° r every y £ Ux ) .(s n )Tj L (o;) for j sufficiently big. Set Xj :— Sj N p+a \ define 
fj(uj) := (Tj(oj) - yf)/\j and notice that ff(uj) C B m _ x for some m £ N by (Hp 3). Then (3.11) in 
Proposition 3.5 yields 

sup |cap^(T/(a;),f? n ) - ca Pj , )M (f/(o;))| < 77 (5.18) 

leZ JV-l 
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for all n > m large enough. Let £j G Wq'* \B n , /i) be such that £j- > 1 cap p ^ q.e. Tj(u>) and 
cap p ^(Tj(uj), B n ) = WV£j\\ p , LP , Bn ^sn, and let C £ C^{B m ) be any function such that £ = 1 on 

B m -i, ||VC||f L . (flm))W < 2 and < C < I- 

With fixed n G N for which (5.18) holds, let (i^) be the sequence provided by Lemma 5.1 with 
Uj = u + rj and k = n. Define 

{ l Q i^T-) ) ( u + v)^ + (^rr) Mv}) + »?) ^ n sj, i g j,-(E n ) 



^(x) 



(5.19) 



i-C 



«i(»)+C(^)/(a 



t/n^fij), i g ^ \ !,•(£«). 



In the definition above is the set defined in (5.10), and / G W^iU, fx) D L°°(U) is as in (Hp 5). 

Take note that Uj — ► u + 77 in 1P{JJ,^i) since /^({uj 7^ it + ?/}) — * and £/, u, /, t/j are bounded. 
Clearly, Uj > ip cap p ^ q.e. on Tj(ui), and then by the choice of (3.6), (3.7) and (5.18) give 



+ j 



x ~ Xi 



A, 



1 



= -± C np p jT}(u),B n ) < -(cap PiM (T/(w)) + 6^) 

for all i G 7i N ~ 1 . An analogous formula holds for the translated and scaled gradient of £. Thus, a 
straightforward calculation implies 



ieij(s„) 



+2^ i i| U - ni^waiv^Wj \2>(s»)) + 2P_1 y cn iv( U - joi^ (5.20) 

where = (tV0) p and L>™ = U^ j \ I . (Sn) (C/n J B mAj (xj)). By taking into account that £ N (D 7 >) -► 
as j — > +00 we may argue as in Proposition 5.2 to obtain 



L- limsup Tj{u + 77, u>) < / \Vu\ p d[i + — 
3 Ju n 



+ -A(E[ 7 ]+r;) ^ ^(y) - u(y, 0) + v )dy + 2" ||u - /||^ ([/) AH N ~\V \ E n ). 
Since H N ~ 1 (dT, U <9£„) = 0, by increasing V^, to 9atC7 we get 

r- limsup + J7, u>) < / |Vii| p d/ii + -A(E[7] +tj) [ $(i/>(y) - u(y,0) + rj)dy. (5.21) 
j Ju 2 ia N (7 

To conclude take note that (ip — u) V G L p (dNU) since .F(m) < +00, then there exists a positive 

infinitesimal sequence (r/k) such that 7i N ~ l ({y G <9at£7 : ip{y) — u(y,0) = rjk}) = for every k G N. 

Moreover, u + rjk G W^ 1,p (/7, /Lt), being U bounded, and it satisfies (5.21). The thesis then follows by 

the lower semicontinuity of L-limsupj J-j as the rhs of (5.21) converges to T{u) as k — > +00. 

Step 2: U unbounded. To remove the boundedness assumption on U wc localize the problem: 
for any open subset A of U, uj G fi we denote by J-j(-,uj;A) and F{-;A) the functionals defined on 
W 1,P (U, fi) as Tj and J 7 , respectively, with the domain of integration U substituted with A. Consider 
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an increasing sequence (U^reN of bounded open Lipschitz sets in U such that U r U r = U, B r n U C 
U r C B r+ i(~)U, and denote by (T^)„ e N a family of open Lipschitz subsets of U r such that V£ CC V£ +1 
with UnV^ = U r . Let ip r be a cut-off function between B r and -B 2 r with || V<y2 r ||^ Loo( - RN . ) . )JV < 2/r p . 

We fix n > for which (5.17) holds true and repeat for each U r the construction of Step 1. Further, 
we join the sequence defined as in (5.19) on U r with the function / on R w \ U 2r - The sequence 
obtained with this construction gives the limsup inequality up to a vanishing error. 

More precisely, with fixed r£N and n £ N such that (5.18) holds, let (up be defined as in (5.19) 
with £ and £„ substituted by S n ?7 2r and £ n V"„ 2r , respectively. Then (up C W^([/ 2r , A«) and (up 
converges to it + in L v (U 2ri /^)- Define u>J = ^,-uJ + (1 — tp r )f, where / £ W 1,P (U, fi) n L°°(U) is as 
in (Hp 5). Take note that £ W 1,P {U, /it), (wpj converges to (u + ry) r := <y9 r (w + rj) + (1 — ^v)/ m 
L p (U,[i) and by definition Wj>ip cap pAI q.e. on 9jv?7. Furthermore, we have 

^ w) < ^ (up lo; U 2r ) + T 3 (/, u>;U\B^) 

— 2 P f 

+2 p ~ l U 2r \ B r ) + Tjif^- U 2r \ B r )) + — / _\u] - f\ p d/i. 

rP JU 2r \B r 

To estimate the rhs above we notice that by (5.3) in Lemma 5.1 the first and third terms can be dealt 
with as in (5.20). By passing to the limsup first as j — > +oo, and then for n — > +oo we get as in (5.21) 

r- lira sup ((u + n) r , u) < (l + v)Hu + V,U 2r )+ [ _\Vf\ p dv (5.22) 

3 JU\B 2r 

+2P- 1 I (1 + V )F(u + r,; U 2r \B~r)+ l _ |V/| p d/i ] + ^ / _ \u + V - f\ p d[i. 

\ JU 2 r\B r J rF JU 2r \B r 

Arguing as in Step 1, we choose a positive infinitesimal sequence (rjk) for which (5.17) holds, and since 
((u + rjk) r ) converges to u r in L P (U, fi) as k — > +oo, the lower semicontinuity of T- limsup^ Tj and 
(5.22) yield 



r-limsup^(u r ,o;) < F{u\U iT ) + / _ |V/ 
j Ju\B 2r 




+2P- 1 T{u- U 2r \ B r ) + / \Vf\ p dti + — / [u - f\ p dp. (5.23) 



U 2r \B r j rP JU 2r \B r 

Finally, being the rhs in the inequality above a finite measure, the lower semicontinuity of T- lim sup^- J-j 
gives the conclusion as r — » +oo since (u r ) converges to u in L p (U,[i). □ 



Remark 5.4. The strong separation assumption in (Hp 3) ensures that the scaled obstacle sets 
(Tj(uS) — Vj)/Sj l '>( N p+a ^ are equi-bounded and located in small neighbourhoods of the Zj's. It 
turns out from the proof of Theorem 2.4 (see Propositions 5.2 and 5.3) that this condition can be 
relaxed into 



20 r-CONVERGENCE FOR RANDOM FRACTIONAL OBSTACLES 

(Hp 3)' There exist e > and (3 e (1, (N - 1)/(JV -p + a)] such that for all i G Z^" 1 , w £ Q, and 
Ej G (0,e) the sets (Tj(u>) — Zj(ui)) / 'e^ N p+a ^ are contained in a fixed bounded set, for 

some points z){u) £ Q), and Tj(u)) C y\ + ef [-1/2, l/2) Ar - 1 . 

T/ie latter condition with [3 > 1 is needed to ensure the validity of the joining Lemma 5. 1 also in this 
framework. Instead, the first condition is used when applying Proposition 3.5 in the construction of 
the recovery sequence in Proposition 5.3. 

Remark 5.5. It is clear from Remark 4-2, Propositions 5.2 and 5.3 that Theorem 2.4 still holds even 
dropping the ergodicity assumption on the t±'s. The T-limit T : L p (U,fj.) x Q — > [0, +oo] being then 
defined as the functional in (2.5) with £[7] replaced by the conditional expectation E[/y, J?]. 

Slightly refining the argument in Step 2 above we extend the convergence result to the Lf topology 
for unbounded domains. 

Proof (of Theorem 2.5). We keep using the notation introduced in Step 2 of Proposition 5.3. The 
extension result in [11, Theorem 1.1] and Lemma 3.2 ensure that K p (U,fi) is the domain of any 
T-clustcr point. Furthermore, the liminf inequality easily follows by applying Proposition 5.2 to the 
localized functionals J-j(-,uj; U r ), and then by taking the limit as r — > +00. 

Instead, to get the limsup inequality for any u £ K P (U, /1) we use the sequence constructed in 
Step 2 of Proposition 5.3 and repeat the same arguments up to (5.23). To this aim take note that 
K p {U,{jl) C W lo '^(J7,/i). Eventually, Holder's inequality yields 

- I _\u- f\ p d^ < 2 p (v(B 2 \ Bl )) p ^ N+a ) ( f _\u- ffdl* 

r JU 2r \B r \Ju 2r \B r 

and thus the conclusion follows as in Proposition 5.3 by taking the limit for r — > +00 in (5.23). □ 




Let us now prove Corollary 2.6. 

Proof (of Corollary 2.6). The set f2" referred to in the statement is defined analogously to Q! . Hence, 
being uq + W Q '^(U,fj) weakly closed, thanks to Proposition 5.2 for all uj £ Q." we have 

r- liminf (Jy + .T; uo+w i, 1[U4i) ){u,u) > (JF+ %- UB+w i, mfl) ){u). 

Thus, given u £ u + W Q '^{U, fi) to conclude it suffices to verify that the construction of the sequence 
(uj) in Proposition 5.3 with / there substituted by uq matches also the boundary condition since 
Y.nd N U = (l). □ 
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6. Generalizations 

In the previous sections we have described the asymptotic behaviour of the weighted norms on open 
sets U subject to an obstacle condition on part of the boundary of U. In the present we discuss some 
generalizations of Theorem 2.4. We limit ourselves to state the results in these settings, since their 
proofs follow straightforward from the arguments of Section 5 (see also [1]). 

First, we point out that we have treated the case of the p- weighted norm only for the sake of 
simplicity. Indeed, under only minor changes in the proofs the same results hold for p-homogeneous 
energy densities. Instead, the extension to non-linear energy densities having p-growth seems to 
be more difficult. The non-linear capacitary formula introduced by Ansini and Braidcs [1] in the 
deterministic setting is related to the geometry of the scaled obstacle set. On the other hand, (Hp 1) 
involves only the scaling properties of the capacity of the obstacle set, then we are led to formulate 
(Hp 1)' below. 

With fixed any H : R N — > [0, +oo) and t > define the iT-capacity of a set E C R N by 
c&p Hu (t 7 E) := inf inf { / H(Du)dn : u G W 1,P (R N , fi), u>tC N a.e. on A) . 

{A open : ADE} Urn J 

Let h : R N — > [0, +oo) be a convex function such that 

ci(\x\P-l)<h(x)<c 2 (\x\" + l) 
for some constants c±, C2 > 0, and h(y, xn) = h(y, —xn) for any x G R N . Furthermore, put Hj(x) := 

(w-i)p / (iV-1) \ 

£j a h I e . N ~ p+a x J for all x £ R*. A natural and compatible generalization of (Hp 1) is then 

(Hp 1)'. Capacitary Scaling: There exist a positive infinitesimal sequence (Sj)j, a function $ G 
C°(R+) and a process 7 : Z^" 1 x O -> [0, +00) such that for all i G Z N ~ X and uj G Q we 
have 

limcap^.^ (t, (Tj(u) y)) / 6 1 ' {N - p+a) ) = *(*) 7 (i >W ). 

Indeed, in case h is p-homogeneous we have Hj = h, cwp H . (t, E) = t p ca,p h (1,E), and thus we may 
take $(t) = tP. In the fully deterministic setting, i.e. Tf(w) = y) + sy {N ~ p+a) T for some T C R w_1 
for all us G fi, i G Z w_1 and j G N, by assuming that (Hj)j converges pointwise to H (this holds upon 
extracting a subsequence by the growth conditions of h), we have lim., cap^ ^{t,T) = cap ff ^(t, T) 
(see [5, Proposition 12.8]). The continuity of cap ff M (-,T) holds thanks to the local equi-Lipschitz 
continuity of the -f/j's (which is a consequence of their convexity and the growth conditions of h). 
Next we define the functional P> : W{U, n) x -> [0, +00] by 

!/ h(Vu)d^ if u G W 1,P (U, fx), u > i(j cap q.c. on TAoj) f] d^U 
Ju ^ (6.1) 

+00 otherwise. 

The arguments by [1] and those of Section 5 then give the following result. 
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Theorem 6.1. Assume (Hp 1/ and (Hp 2)-(Hp 5) hold true, N > 2, and that a e (— 1,+co), 
p £ ((1 + a) V l,N + a). 



if u s W^ 1,p (£7, [a), +oo otherwise. 

Eventually, let us point out that similar results hold also in case the obstacles are periodically equi- 
distributed inside the open set U. Clearly, conditions (Hp l)-(Hp 5) have to be reformulated in order 
to deal with the iV-dimensional setting. The analogue of Theorem 6.1 is then an easy consequence of 
the arguments of Section 5 and those by [1]. 

In particular, the homogenization results in perforated open sets by [1] can be extended to the 
crgodic setting of Section 5, thus recovering the results of [6], too. 

Appendix A. 

We show that w(x) = xjv| a belongs to the Muckenhoupt class Ap(R. ) under a compatibility 
condition between p and a. 

Lemma A.l. For p > (1 + a) V 1 and a > —1 the function w(x) = |xjv| a is in the Muckenhoupt's 
class A P (R N ) (see (3.1) for the definition). 

Proof. Let us first point out that conditions a > — 1 and p > 1 + a are imposed only to guarantee the 
local integrability of w and w 1 / tyl ~ p \ respectively. 

Being w = w(xn) and even, we may restrict the supremum in (3.1) to points z = (0, Zjv) with 
zn > 0. Define I a (r, z/v) := J B , , |a;Ar| a (ix for a > — 1. A direct integration yields 



for a > and for a g (—1, 0) provided zm > 2r. Instead, in case a G (—1, 0) and zjy £ (0, 2r) we have 
B r (z) C i?3 r (0) and again by a direct integration we deduce 



Then there exists a set Q! C of full probability such that for all u £ 0' £/ie family oj))j 
Y -converges in the L p (U,p) topology to the functional T h : L P (U,/J,) —> [0, +oo] defined by 




(6.2) 




(A.l) 




(A.2) 



In any case, by applying estimates (A.l) and (A.2) above we infer 




for some positive constant c = c(N,a,p). Clearly, this is equivalent to (3.1). 



□ 
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